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Abstract
An essentially k-edge connected graph G is a connected graph such
that deleting less than k edges from G cannot result in two nontrivial
components. In this paper we prove that if an essentially 2-edge-
connected graph G satisfies that for any pair of leaves at distance 4 in
G there exists another leaf of G that has distance 2 to one of them,
then the square G2 has a connected even factor with maximum degree
at most 4. Moreover we show that, in general, the square of essentially
2-edge-connected graph does not contain a connected even factor with
bounded maximum degree.
Keywords: connected even factors; (essentially) 2-edge connected
graphs; square of graphs
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1 Introduction
We consider only finite undirected simple graphs. For terminology and no-
tation not defined in this paper we refer to [15]. Let G be a connected
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graph. For vertices x, y of G, let NG(x) denote the neighborhood of x in G,
dG(x) = |NG(x)| the degree of x in G, and distG(x, y) the distance between
x, y in G. The square of a graph G, denoted by G2, is the graph with same
vertex set as G in which two vertices are adjacent if their distance in G is
at most 2. Thus G ⊆ G2. There are several papers (e.g. see [2], [4], [5], [6],
[7], [8], [9], and [10]) about hamiltonian properties in the square of a graph.
This paper deals with connected even factors which generalize some previous
known results.
A factor in a graph G is a spanning subgraph of G. A connected even
factor in G is a connected factor in G in which every vertex has positive
even degree. A [2, 2s]-factor of G is a connected even factor of G in which
every vertex has degree at most 2s. There are some results about such kind
of factors in terms of forbidden subgraphs (see [1], [11], and [13]). Since a
hamiltonian cycle is a [2, 2s]-factor with s = 1, the minimum s in a [2, 2s]-
factor of a graph can be seen as a measure for how close a graph is to
become hamiltonian. Furthermore we know from [14] that it is NP-complete
to determine whether the square of a graph is hamiltonian. Therefore the
determination of minimum s in a [2, 2s]-factor in the square of a graph is
also NP-complete.
The result by Fleischner in [6] concerning the existence of a hamilto-
nian cycle (a [2, 2]-factor) in the square of 2-connected graph is well known.
Recently, Mu¨ttel and Rautenbach in [12] gave a shorter proof of this result.
Theorem 1. [6] If G is a 2-connected graph and v1 and v2 are two dis-
tinct vertices of G, then G2 contains a hamiltonian cycle C such that both
edges of C incident with v1 and one edge of C incident with v2 belong to G.
Furthermore, if v1 and v2 are neighbors in C, then these are three distinct
edges.
Theorem 1 was a base for proving the following theorem by Abderrezzak
et al. in [4] using forbidden subgraphs. The graph S(H) is obtained from a
graph H by subdividing each edge of H exactly once.
Theorem 2. [4] If G is a connected graph such that every induced S(K1,3)
has at least three edges in a block of degree at most 2, then G2 is hamiltonian.
Theorem 2 was generalized by Ekstein et al. in [2] for [2, 2s]-factors.
Theorem 3. [2] Let s be a positive integer and G be a connected graph such
that every induced S(K1,2s+1) has at least three edges in a block of degree at
most two. Then G2 has a [2, 2s]-factor.
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Let G be a connected graph. Recall that a graph G is essentially k-edge
connected if deleting less than k edges from G cannot result in two nontrivial
components. In this paper, we shall answer the question how it is for the
existence of a [2, 2s]-factor in the square of a graph with 2-edge (or essentially
2-edge)-connectivity instead of (vertex) connectivity of a graph.
A vertex of degree 1 is called a leaf. A cut vertex y is trivial in G, if y
is not a cut vertex in G −M , where M is a set of all leaves adjacent to y,
otherwise is non-trivial. If M = {x} and the neighbor of x is a trivial cut
vertex of G, then x is called a bad leaf. A trivial bridge is a cut-edge of G
containing a leaf, otherwise is non-trivial. A bad bridge is a trivial bridge of
G adjacent to a bad leaf. For illustration see Fig. 1.
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Figure 1: In this graph, c1, c2 are trivial cut vertices, c3, c4 are non-trivial cut
vertices, x is a bad leaf, y1, y2, z are leaves, b1 is a bad bridge, b2, b3, b4 are
trivial bridges, b5 is a non-trivial bridge, and B1, B2, B3 are cyclic blocks.
Firstly, we look at the graph in Fig. 2, from which one may see the
following result.
Theorem 4. For any fixed positive integer s, there exists an infinite class of
essentially 2-edge-connected graphs G such that G2 has no [2, 2s]-factor, even
if the resulting graph obtained from G by deleting its all leaves is 2-connected.
Proof. Note that the graph G in Fig. 2 is an essentially 2-edge-connected
graph. Since every leaf vi of G has degree exactly 3 in G
2, at least one edge
of vix, viy have to be used in any possible [2, 4]-factor of G
2. Therefore, G2
has no [2, 2s]-factor since G has 4s+ 1 such leaves.
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Figure 2: Essentially 2-edge connected graphs G such that their square con-
tains no [2, 2s]-factor, where G1 and G2 are any essentially 2-edge connected
graphs.
On the other hand, we may show the following result, which is the main
result of this paper.
Theorem 5. Let G be a connected graph without non-trivial bridges and
without any two bad leaves at distance exactly 4. Then G2 has a [2, 4]-factor.
The following corollaries are immediate consequences of Theorem 5.
Corollary 6. If G is a 2-edge connected graph, then G2 contains a [2, 4]-
factor.
Corollary 7. If G is an essentially 2-edge connected graph without bad
leaves, then G2 contains a [2, 4]-factor.
Corollary 8. Let G be a connected graph without non-trivial bridges. If any
two bad leaves have distance at least 5 in G, then G2 has a [2, 4]-factor.
Note that the graph in Fig. 2 also shows that the distance 5 in Corollary 8
can not be replaced by distance 4.
2 A Useful lemma
Before presenting this lemma, we need some additional notation. Block graph
of a graph G, denoted by BC(G), is the graph whose vertex set consists of
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all blocks and cut vertices of G, and two vertices are adjacent in BC(G) if
one of them is a block of G and the second one is its vertex. It is easy to
see that BC(G) is a tree for a connected graph G. Note that for any tree,
we may choose any vertex as its root. Hence without loss of generality, we
may assume that B1, . . . , Bt be all blocks of G such that B1 corresponds to
the root of BC(G). For a cut-vertex v of G, the parent block of v is the
block containing v and its corresponding vertex in BC(G) has the smallest
distance to the root of BC(G). The remaining blocks containing v are called
children blocks of v with respect to the root of BC(G).
The following lemma, we call it a Useful lemma, is a key for the proof of
our main result (Theorem 5).
Lemma 9. (Useful lemma) Let G be a connected graph without non-trivial
bridges and without bad leaves (except K1,2, K1,3) and u be a vertex of G that
is neither a cut vertex nor a leaf (if any).
Then G2 has a [2, 4]-factor F such that
a) dF (x) = 2 for any vertex x that is not a cut vertex of G;
b) both edges of F incident with u belong to G;
c) for each cut vertex y of G it holds that dF (y) = 4 and at least two edges
of F incident with y belong to G, moreover if y is a trivial cut vertex,
then these two edges are trivial bridges;
d) for any cut vertex y of G, the two edges incident with u in F are distinct
from the two edges incident with y in F as specified in (c);
e) for any two cut vertices y1 and y2 of G, the two edges of F incident
with y1 as specified in (c) are distinct from those with y2 as specified
in (c).
Proof. If G is K1,s, for s ≥ 4, then G
2 is a complete graph and the result
is obvious. Now we assume that G contains at least one cyclic block and
G′ = G − M , where M is a set of all leaves adjacent with all trivial cut
vertices of G.
Let O = B1, B2, ..., Bk be an ordering of all blocks of G
′ such that either
u ∈ V (B1), if any, or we choose arbitrary cyclic block as B1, satisfying the
following properties:
5
- for any cut vertex v of G′, all children blocks of v with respect to the
root r of BC(G′) corresponding to B1 appear consecutively in O such that
bridges containing v are in O before cyclic blocks containing v;
- distBC(G′)(r, vi) < distBC(G′)(r, vj) implies i < j, where vi, vj are vertices
of BC(G′) corresponding to Bi, Bj , respectively.
Then G′ is a connected graph without non-trivial bridges and without
bad leaves and we prove by induction on k that (G′)2 contains a [2, 4]-factor
F ′ such that
1) dF ′(x) = 2 for any vertex x that is not a cut vertex of G;
2) both edges of F ′ incident with u, if any, belong to B1;
3) for each cut-vertex y of G′, it holds that dF ′(y) = 4 and at least two
edges of F ′ incident with y belong to G′. Moreover,
– if y belongs to exactly two blocks of G′, then at least two edges
of F ′ incident with y are edges from the children block of y with
respect to r (the root of BC(G′) corresponding to B1);
– if y belongs to more than two blocks of G′, then at least two edges
of F ′ incident with y are edges from two different children blocks
of y with respect to r.
For k = 1, G′ = B1 and (G
′)2 even has a hamiltonian cycle C such that
both edges of F ′ incident with u, if any, belong to B1 by Theorem 1.
Let k > 1 and assume that Lemma 9 is true for all integers less than k.
By the definition of G′ and O, Bk is an end cyclic block of G
′ and let v0 be
the cut vertex of G′ with v0 ∈ V (Bk).
If Bk−1 = v0l (i.e. Bk−1 is a bridge) and Bk−1, Bk are only children blocks
of v0 with respect to r, then we set G1 = G
′−{V (Bk)∪{l}\{v0}}, otherwise
we set G2 = G
′−{V (Bk)\{v0}}. Hence G1, G2 are connected graphs without
non-trivial bridges and without bad leaves and have k − 2, k − 1 blocks,
respectively. Hence by the induction hypothesis, (G1)
2, (G2)
2 have a [2, 4]-
factor F1, F2 with properties 1), 2), and 3), respectively.
By Theorem 1, there is a Hamiltonian cycle C in (Bk)
2 such that two
edges f1, f2 of C incident with v0 belong to Bk and thus belong to G
′.
Case 1: G1 exists.
6
Let f1 = v0vk. Then F
′ = (F1 ∪ C) ∪ {v0l, vkl} − {f1} is the [2, 4]-factor
of (G′)2 with properties 1), 2), and 3).
Case 2: G1 does not exist and v0 is not a cut vertex in G2.
Hence v0 belongs to exactly two blocks of G
′ and F ′ = F2 ∪ C is the
[2, 4]-factor of (G′)2 with properties 1), 2), and 3).
Case 3: G1 does not exist and v0 is a cut vertex in G2.
Let f1 = v0vk. We consider two possibilities depending on the property 3).
If exactly two blocks of G2 contain v0, then by the induction hypothesis
dG2(v0) = 4 and there are two edges of F2 incident with v0 from a children
block Bk−1 of v0. (Note that Bk−1 is a cyclic block, since G1 does not exist.)
Let ek−1 = v0vk−1 be such an edge of F2. Since distG′(vk−1, vk) = 2, the edge
vk−1vk is an edge of (G2)
2. Thus F ′ = (F2 ∪C)∪{vk−1vk}− {ek−1, f1} is the
[2, 4]-factor of (G′)2 with properties 1), 2), and 3).
If there are more than two blocks of G2 containing v0, then by the induc-
tion hypothesis dG2(v0) = 4 and there are two edges ek−2, ek−1 of F2 incident
with v0 in Bk−2, Bk−1, respectively. Note that it could be Bk−2 = ek−2 or
Bk−1 = ek−1. Let ek−2 = v0vk−2. Since distG′(vk−2, vk) = 2, the edge vk−2vk is
an edge of (G′)2. Thus F ′ = (F2∪C)∪{vk−2vk}−{ek−2, f1} is the [2, 4]-factor
of (G′)2 with properties 1), 2), and 3).
Now we extend F ′ to a [2, 4]-factor F in G2 with required properties. Note
that the properties 1), 2), and 3) imply the properties a)-e) in Lemma 9.
Let u1, u2, ..., ut be all trivial cut vertices of G and l
1
i , l
2
i , ..., l
si
i be all leaves
incident with ui, for i = 1, 2, ..., t. Note that si ≥ 2, otherwise we have a bad
bridge in G, a contradiction. For i = 1, 2, ..., t, let Ci = uil
1
i l
2
i ...l
si
i ui be cycles
in G2 and C ′ = ∪tj=1Cj. Since dF ′(ui) = 2 and uil
1
i , l
si
i ui are edges from G,
F = F ′ ∪ C ′ is the [2, 4]-factor of G2 with properties a)-e).
Note that clearly the square of K1,2, K1,3 is hamiltonian but there is no
[2, 4]-factor with a vertex of degree 4 in the square of K1,2, K1,3, respectively.
3 Proof of Theorem 5
In this section we prove Theorem 5.
Proof. Firstly if G is K1,2 or K1,3, then clearly G
2 is even hamiltonian.
Now let X be a set of all bad leaves of G and G′ = G−X . For xi ∈ X ,
we denote yxi or only yi its unique neighbor in G. By Lemma 9, there is a
7
[2,4]-factor F ′ of (G′)2 with properties a)-e). Note that dF ′(yi) = 2 for each
yi.
By the definition, any two bad leaves have a distance at least 3. Let
X0 ⊆ X be the set of all bad leaves that has a bad leaf at the distance
exactly 3 in G. Then, for all xi ∈ X0, corresponding yi’s induce a subgraph of
G′ in which all components (denoted by H1, H2, ..., Hs) are complete graphs,
otherwise we have in G two bad leaves at distance 4, a contradiction.
Let V (Hi) = {yi,1, yi,2, ..., yi,ti}, ti ≥ 2 for i = 1, 2, ..., s. Then we set
Mi =
ti−1⋃
j=1
{xi,jyi,j+1, xi,j+1yi,j}
⋃
{xi,1yi,1, xi,tiyi,ti}.
All bad leaves of X \X0 are pairwise at distance at least 5 and we divide
them into the following three disjoint classes by the following way (see Fig. 3
for illustration):
1) 2) 3)
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Figure 3: Three cases in an ordering of all bad leaves of X \X0 in G.
1) Let X1 be the set of all vertices x ∈ X \ X0 such that there exists a
vertex zx with yxzx ∈ E(F
′) ∩ E(G′);
2) Let X2 be the set of all vertices x ∈ X \ (X0 ∪ X1) such that there
exists zx, which is not a cut vertex of G
′, with yxzx ∈ E(G
′) (and
yxzx ∈ E(F
′));
3) Let X3 be the set of all vertices x ∈ X \ (X0 ∪ X1 ∪ X2) (it means
that there exists only a cut vertex zx of G
′ with yxzx ∈ E(G
′) (and
yxzx ∈ E(F
′)).
Note that by Lemma 9 we have
• dF ′(zx) = 2 for x ∈ X2;
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• dF ′(zx) = 4 and at least two edges incident with zx (namely zxz
′
x, zxz
′′
x)
are in E(F ′) ∩ E(G′) for x ∈ X3.
Now set
E0 =
s⋃
i=1
Mi, E1 =
⋃
x∈X1
{xyx, xzx}, E
′
1 =
⋃
x∈X1
{yxzx},
E2 =
⋃
x∈X2
{xyx, xzx, yxzx},
E3 =
⋃
x∈X3
{xyx, xzx, yxz
′
x}, E
′
3 =
⋃
x∈X3
{zxz
′
x}.
For all x, zx’s are different, otherwise if zx = zx′ , for x 6= x
′, then xyxzx(=
zx′)yx′x
′ is a path of length 4 in G joining two bad leaves, a contradiction.
Similarly, none of zx’s is a neighbor of a bad leaf in G.
Possibly, zxi1zxi2 ...zxik is a path in F
′ for {xi1 , xi2 , ..., xik} ⊆ X3. In order
to have different edges in E3 and E
′
3 we set z
′
xj
= zxj+1 , for j = i1, i2, ..., ik−1,
and z′xik
as arbitrary neighbor of zxik in F
′ and in G different from zxik−1 .
Note that by 3) and Lemma 9 such a vertex exists and could be some zxj ,
for j ∈ {i1, i2, ..., ik−2}.
Hence we conclude that F = F ′ ∪ (E0 ∪ E1 ∪ E2 ∪ E3) − (E
′
1 ∪ E
′
3) is
a [2,4]-factor of G2.
4 Conclusion
Now we could answer the question from Introduction. By Theorem 1 we know
that the square of 2-connected graph has a [2, 2s]-factor for s = 1. In this
paper we proved that the square of 2-edge-connected graph has a [2, 2s]-factor
for s = 2 (Corollary 6) and that the square of essentially 2-edge-connected
graph without bad leaves has a [2, 2s]-factor also for s = 2 (Corollary 7). In
general, there exist essentially 2-edge-connected graphs whose square have no
[2, 2s]-factor for every s. This example of G even exists under an additional
condition that the graph obtained from G by deleting all leaves is 2-connected
(Theorem 4).
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